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We reinvestigate Yokoyama’s gaugeon formalism for the spontaneously broken Abelian
gauge theory. Within the framework of the covariant linear gauges, we give a general gauge-
fixing Lagrangian which includes the gauge field, the Goldstone mode, the multiplier B-field
and Yokoyama’s gaugeon fields (as well as Faddeev-Popov ghosts). As special choices of
the values of the gauge-fixing parameters, our theory includes the usual covariant gauges
and Rξ-like gauges. Although some of the gauge-fixing parameters can be shifted by the
q-number gauge transformation, the ξ parameter cannot be shifted in any of the Rξ-like
gauges.
§1. Introduction
In the standard formalism of canonically quantized gauge theories,1)–3) we do
not consider the gauge transformation on the quantum level. There is no quantum
gauge freedom, since the quantum theory is defined only after the gauge fixing.
Yokoyama’s gaugeon formalism4)–9) provides a wider framework in which we can
consider the quantum gauge transformation, q-number gauge transformation, among
a family of Lorentz covariant linear gauges. In this formalism, a set of extra fields, so-
called gaugeon fields, is introduced as the quantum gauge freedom. This formalism
was proposed for quantum electrodynamics,4), 5) spontaneously broken U(1) gauge
theory,7) spontaneously broken chiral U(1) gauge theory8) and Yang-Mills gauge
theory.6) Owing to the quantum gauge freedom, it becomes almost trivial to check
the gauge parameter independence of the physical S-matrix.9)
BRST symmetric theories of this formalism have been also developed for quan-
tum electrodynamics,11)–13) Yang-Mills theory10), 14) and the spin-3/2 Rarita-Schwinger
gauge field.15) By virtue of the BRST symmetry, Yokoyama’s physical subsidiary
conditions have been improved;10)–12) the Gupta-Bleuler-type subsidiary conditions
are replaced by a single Kugo-Ojima-type condition.2), 3) The BRST symmetry is
also very helpful to define the gauge invariant physical Hilbert space.12), 13), 15)
In this paper we apply the BRST symmetric gaugeon formalism to the Higgs
model.16), 17) The gaugeon formalism of this model was first studied by Yokoyama
and Kubo.7) In their theory, the unphysical Goldstone boson mode appears as a
massless dipole field; corresponding standard formalism is the theory of the usual
covariant gauge.2), 17), 18) Thus, their theory does not include other types of gauges,
such as Rξ gauge,
20), 21) where the Goldstone boson mode becomes massive. The
main purpose of the present paper is to construct a gaugeon formalism for the Higgs
model which includes both the usual covariant gauges and Rξ-like gauges. In the
∗) E-mail: endo@sci.kj.yamagata-u.ac.jp
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Rξ-like gauges, we also explore the possibility that the ξ parameter might be shifted
by the q-number gauge transformation.
In §2 we briefly review the Lorentz covariant quantization of the Higgs model;
the theory in the usual covariant gauge (Lorenz gauge), the gaugeon formalism cor-
responding to this Lorenz gauge by Yokoyama and Kubo,7) and the theory of Rξ-
gauges by Fujikawa, Lee and Sanda and by Yao. In §3 we consider the most general
gauge-fixing Lagrangian which consists of the gauge field, the Goldstone mode, the
multiplier field and the gaugeon fields. The Lagrangian has seven gauge-fixing pa-
rameters. As a special choice of the values of the parameters the theory would be
equivalent ,for example, to the gaugeon formalism of the Lorenz gauge by Yokoyama
and Kubo. By introducing two pairs of the Faddeev-Popov (FP) ghost fields to the
general Lagrangian given in §3, we present a general form of the BRST symmetric
gaugeon formalism for the Higgs model in §4; the theory has the BRST symmetry,
and admits the q-number gauge transformation under which some of the gauge-fixing
parameters change their values. In §5 we study the Rξ-like gauges of our theory. By
choosing special values for the gauge-fixing parameters we show that our theory in-
cludes a gaugeon formalism for the Yao’s Rξ gauge, where one of two gauge-fixing
parameter of Yao’s theory can be shifted by the q-number gauge transformation,
while the other (ξ-parameter) cannot be shifted. We also show that, in more general
case, the ξ-parameter in any of the Rξ-like gauges cannot be shifted by the q-number
gauge transformation. §6 is devoted to a summary and discussion. The number of
the conserved BRST-like charges in our theory is also discussed.
§2. Higgs model
The Lagrangian of the Higgs model is given by
Lcl = −1
4
FµνF
µν + (Dµϕ)
†(Dµϕ) + µ2ϕ†ϕ− λ
2
(ϕ†ϕ)2, (2.1)
where Fµν = ∂µAν − ∂νAµ is the field strength of the Abelian gauge field Aµ, ϕ is a
complex scalar field, Dµϕ = (∂µ − ieAµ)ϕ , e is the charge of ϕ, and µ2 and λ are
positive constants. The vacuum expectation value of ϕ is given by 〈0|ϕ|0〉 = v/√2 =√
µ2/λ, where we have adjusted the phase of ϕ so that the vacuum expectation value
is real.
The Lagrangian Lcl is invariant under the gauge transformation,
Aµ → Aµ + ∂µΛ, (2.2)
ϕ(x) → eieΛ(x)ϕ(x). (2.3)
To quantize (2.1) we should choose a suitable gauge by adding a suitable gauge-fixing
term (and a corresponding Faddeev-Popov(FP) ghost term) to Lcl.
2.1. Lorenz gauge
The quantum Lagrangian in the usual covariant gauge (Lorenz gauge) is given
by17), 18)
LN = Lcl +B∂µAµ + 1
2
αB2, (2.4)
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where B is the multiplier B-field of Nakanishi-Lautrup,1), 19) and the numerical con-
stant α is the gauge-fixing parameter. The BRST symmetric version is obtained
by adding FP ghost term to (2.4).2) The global U(1) symmetry remains unbroken
in this gauge, and the massless Goldstone boson arises as an unphysical mode. In
particular, this massless Goldstone boson appears as a dipole field except for the
Landau gauge α = 0.
2.2. gaugeon formalism for the Lorenz gauge
By introducing the gaugeon fields Y and Y∗ into (2.4), we get the Lagrangian of
Yokoyama and Kubo:7)
LYK = Lcl +B∂µAµ + ε
2
(aB + Y∗)
2 − ∂µY∗∂µY, (2.5)
where ε is a sign factor (ε = ±1) and a is a numerical gauge-fixing parameter.
The gauge-fixing parameter α in (2.4) corresponds to εa2: the propagator∗) 〈AµAν〉
followed from (2.5) is exactly the same with that followed from (2.4) if we assume
α = εa2.
The Lagrangian (2.5) admits a q-number gauge transformation. Under the field
redefinition
Aˆµ = Aµ + τ∂µY, ϕˆ = e
ieτY ϕ, (2.6)
Yˆ∗ = Y∗ − τB, Bˆ = B, Yˆ = Y, (2.7)
with τ being a numerical parameter, the Lagrangian is form invariant, that is, it
satisfies
LYK(φA, a) = LYK(φˆA, aˆ), (2.8)
where φA stands for any of the relevant fields and aˆ is defined by
aˆ = a+ τ. (2.9)
From the form invariance (2.8), it can be immediately shown that the fields φˆA and
φA satisfy the same field equations and the same commutation relations except for
the parameter a which should be replaced by aˆ for φˆA.
2.3. Rξ gauge
The quantum Lagrangian of Rξ gauge of Fujikawa, Lee and Sanda
20) is given by
LFLS = Lcl − ξ
2
(
∂µA
µ +
1
ξ
Mχ
)2
(2.10)
in the Abelian case, where ξ is a numerical gauge-fixing parameter, M = ev de-
notes the acquired mass of Aµ through the spontaneous symmetry breaking, and the
hermitian field χ is the Goldstone mode defined by
ϕ =
1√
2
(v + ψ + iχ), (2.11)
∗) In this paper, we use the symbol 〈φAφB〉 to denote free propagators in momentum represen-
tation: 〈φAφB〉 = F.T.〈0|TφA(x)φB(y)|0〉, in the interaction picture.
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with ψ being a physical Higgs mode. The global U(1) symmetry is also broken
through this gauge fixing so that the Goldstone mode χ acquires non-zero mass-
squared M2/ξ. In particular, by taking the limit of ξ → 0, we can reach the unitary
gauge. The BRST symmetric version of (2.10) is discussed in the textbook by Kugo.3)
Yao has discussed a similar gauge.21) His Lagrangian can be read in our notation
as
LYao = Lcl +B
(
∂µA
µ +
M
ξ
χ
)
+
1
2η
B2, (2.12)
where ξ and η are numerical gauge-fixing parameters. If we put ξ = η, the Lagrangian
(2.12) becomes identical with (2.10), after eliminating the multiplier field B.
Free propagators among Aµ, χ and B fields followed from (2.12) are given by
〈AµAν〉 = 1
p2 −M2
(
−gµν + pµpν
M2
)
+
pµpν
M2
[
− 1
p2 − ξ−1M2 +
(ξ−1 − η−1)M2
(p2 − ξ−1M2)2
]
,
〈Aµχ〉 = − i(ξ−1 − η−1) Mpµ
(p2 − ξ−1M2)2 ,
〈AµB〉 = ipµ
p2 − ξ−1M2 ,
〈χχ〉 = p
2 − η−1M2
(p2 − ξ−1M2)2 =
1
p2 − ξ−1M2 +
(ξ−1 − η−1)M2
(p2 − ξ−1M2)2 .
〈χB〉 = − M
p2 − ξ−1M2 ,
〈BB〉 =0. (2.13)
which shows the characteristic features of the Rξ gauge:
1. for finite ξ, the unphysical Goldstone mode χ propagates with finite mass and
the ultraviolet behavior of the propagator 〈AµAν〉 is O(1/p2).
2. in the limit of ξ → 0, the theory becomes that of the unitary gauge: the mass of
the Goldstone mode becomes infinitely large and does not propagate any more,
and the second term of 〈AµAν〉 vanishes so that 〈AµAν〉 becomes the propagator
of the Proca field (see Eq.(4.45)) whose ultraviolet behavior is O(1).
§3. General gauge fixing including gaugeon fields
Now we consider the general gauge-fixing Lagrangian LGF which includes gau-
geon fields Y and Y∗. To this end, we use a polar decomposition of ϕ field rather than
(2.11). If we use the parameterization (2.11) to construct a gaugeon formalism for
the Rξ gauge, it is inevitable to introduce non-polynomial terms in the Lagrangian.
To avoid this, we use the following parameterization for ϕ:
ϕ(x) =
1√
2
(v + ρ(x)) eipi(x)/v , (3.1)
where hermitian fields ρ(x) and pi(x) correspond to the fields ψ(x) and χ(x) of (2.11),
respectively; pi(x) is the Goldstone mode. In terms of these polar variables, Lcl is
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expressed by
Lcl =− 1
4
FµνF
µν +
1
2
M2
(
1 +
e
M
ρ
)2(
Aµ − 1
M
∂µpi
)2
+
1
2
(
∂µρ ∂
µρ−m2ρ2)− 1
2
m
√
λρ3 − λ
8
ρ4 +
1
8
m2v2, (3.2)
where M = ev is the mass of Aµ and m =
√
λv2 is the mass of the Higgs boson ρ.
The gauge transformation (2.3) is now
Aµ(x)→ Aµ(x) + ∂µΛ(x),
pi(x)→ pi(x) +MΛ(x),
ρ(x)→ ρ(x), (3.3)
under which the Lagrangian (3.2) is invariant.
3.1. general gauge-fixing Lagrangian
We impose the following conditions on the gauge-fixing Lagrangian LGF:
(a) Lorentz invariance.
(b) quadratic in the fields Aµ, pi, B, Y and Y∗.
(c) The mass dimension∗) of each term does not exceed four. For example, we do
not include such terms as ∂µY∗∂
µpi, which has dimension five. Dimension six
operators such as ∂µB∂
µY∗ are also excluded from LGF.
(d) BRST invariance (by incorporating suitable FP ghost terms). This condition
excludes those terms expressed as a product of two BRST parent fields, such
as ∂µY ∂
µpi.
The most general gauge-fixing Lagrangian satisfying these conditions can be written
by
LGF =− (ω1∂µB + ω3∂µY∗)Aµ − (ω2∂µB + ω4∂µY∗)∂µY + (β1B + β3Y∗)Mpi
+ (β2B + β4Y∗)M
2Y +
1
2
α1B
2 + α2BY∗ +
1
2
α3Y
2
∗ , (3.4)
where ωi, βi and αi are numerical parameters. In order to ensure that the LGF
properly fixes the gauge, these parameters should satisfy at least one of the following
three conditions:
ω1ω4 − ω2ω3 6= 0,
ω1β4 + β1ω4 − ω2β3 − β2ω3 6= 0,
β1β4 − β2β3 6= 0. (3.5)
If all these three condition are not satisfied, we cannot obtain the propagators from
the Lagrangian Lcl + LGF.
If we put ω1 = ω3 = 0 and thus the first term of (3.4) vanishes, then the gauge-
fixing Lagrangian LGF leads to the unitary gauge, and thus the ultraviolet behavior
∗) Note that the mass dimensions of B, Y∗ and Y are different from those of usual fields; B and
Y∗ have dimension two while Y has dimension zero.
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of the propagators 〈AµAν〉 becomes O(1) rather than O(1/p2). To avoid this case,
we assume that at least one of the parameters ω1 and ω3 is not equal to zero, or
equivalently, ω1
2 + ω3
2 6= 0.
Now we can consider the field redefinition of B and Y∗(
B′
Y ′∗
)
=
(
ω1 ω3
ω3 −ω1
)(
B
Y∗
)
, (3.6)
by which the first term of (3.4) is transformed to −B′∂µAµ; the matrix in (3.6) is
invertible because of the assumption ω1
2+ω3
2 6= 0. Thus, without loss of generality,
we can assume ω1 = 1 and ω3 = 0 in (3.4) owing to this field redefinition.
Next, we consider the following field redefinitions:
A′µ = Aµ + ω2∂µY,
pi′ = pi + ω2MY, (3.7)
by which the second term of (3.4) is transformed to −ω4∂µY∗∂µY , while Lcl remains
invariant. Thus, without loss of generality, we can put ω2 = 0 in (3.4).
Here, we further assume that ω4 = 1 from the following reason. If ω4 = 0 (in
addition to ω2 = 0), the second term of (3.4) vanishes. Then, the field equations for
the fields Y and Y∗ become algebraic ones, and thus these fields should be eliminated
from the Lagrangian. Namely, LGF no longer admits q-number gauge transforma-
tions. To exclude this situation, we assume ω4 6= 0. With this assumption, Y can
be rescaled as ω4Y → Y to absorb the parameter ω4. In terms of the rescaled field,
the value of ω4 is equal to one.
Our general gauge-fixing Lagrangian is now given by
LGF =− ∂µBAµ − ∂µY∗∂µY + (β1B + β3Y∗)Mpi
+ (β2B + β4Y∗)M
2Y +
1
2
α1B
2 + α2BY∗ +
1
2
α3Y
2
∗ . (3.8)
In the following, we also use a matrix notation to express this Lagrangian as
LGF = −∂µBTAµ + BTMβΠ + 1
2
BTαB, (3.9)
where Aµ, B, and Π denote column matrices defined by
Aµ =
(
Aµ
∂µY
)
, B =
(
B
Y∗
)
, Π =
(
pi
MY
)
, (3.10)
α and β are 2× 2 matrices defined by
α =
(
α1 α2
α2 α3
)
, β =
(
β1 β2
β3 β4
)
, (3.11)
and T represents the matrix transpose.
Note here that the Lagrangian (3.8) or (3.9) satisfies the first condition of (3.5)
and that no more constraints on αi and βi are necessary. Consequently, we may
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consider the case such that all the βi are equal to zero (β = 0); in this case, the
gauge-fixing Lagrangian is identical with that of Lorenz gauge by Yokoyama and
Kubo (2.5) (with αi chosen appropriately). We can also take another case that
α2 = β2 = β3 = 0 (both α and β are diagonal); in this case, the gaugeon sector of
LGF decouples and the rest of the Lagrangian become identical to that of Yao’s Rξ
gauge (2.12).
§4. BRST symmetric theory
We introduce FP ghost term LFP into the general gauge-fixing Lagrangian LGF
given by (3.8) or (3.9).
LGF+FP =LGF + LFP
=− ∂µBAµ − ∂µY∗∂µY + (β1B + β3Y∗)Mpi + (β2B + β4Y∗)M2Y
+
1
2
α1B
2 + α2BY∗ +
1
2
α3Y
2
∗
− i∂µc∗∂µc− i∂µK∗∂µK + i(β1c∗ + β3K∗)M2c+ i(β2c∗ + β4K∗)M2K,
(4.1)
where c and c∗ are usual FP ghost fields and K and K∗ are the FP ghost fields for
gaugeon fields. In the matrix notation, the Lagrangian can be expressed as
LGF+FP =− ∂µBTAµ + BTMβΠ + 1
2
BTαB
− i∂µCT∗ ∂µC + iCT∗ M2β C, (4.2)
where C and C∗ denote column matrices defined by
C =
(
c
K
)
, C∗ =
(
c∗
K∗
)
. (4.3)
4.1. field equations
Field equations derived from the Lagrangian Lcl+LGF+FP are, for non-FP-ghost
fields,
∂µF
µν +M2(1 +
e
M
ρ)2(Aν − 1
M
∂νpi)− ∂νB = 0, (4.4)
∂µ
{
M
(
1 +
e
M
ρ
)2(
Aµ − 1
M
∂µpi
)}
+ β1MB + β3MY∗ = 0, (4.5)
(+m2)ρ+
3
2
m
√
λρ2 +
λ
2
ρ3 − eM
(
1 +
e
M
ρ
)(
Aµ − 1
M
∂µpi
)2
= 0, (4.6)
∂µA
µ + β1Mpi + α2Y∗ + α1B + β2M
2Y = 0, (4.7)
(+ β4M
2)Y + α3Y∗ + α2B + β3Mpi = 0, (4.8)
(+ β4M
2)Y∗ + β2M
2B = 0, (4.9)
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from which we also have
( + β1M
2)B + β3M
2Y∗ = 0. (4.10)
In the matrix notation (3.10) and (3.11), the equations (4.7) and (4.8) can be written
by
∂µAµ +MβΠ + αB = 0, (4.11)
and the equations (4.9) and (4.10) by
(+M2βT)B = 0. (4.12)
Field equations for FP ghost fields are given by
(+M2β) C = 0, (4.13)
(+M2βT) C∗ = 0, (4.14)
where we have used the matrix notation (4.3) and (3.11).
The Proca field Uµ can be defined by
Uµ = Aµ − 1
M
∂µpi − 1
M2
∂µB, (4.15)
which satisfies
(+M2)Uµ = 0, (4.16)
∂µU
µ = 0, (4.17)
where we have assumed the free field approximation, that is, we consider the case
e→ 0 but M 6= 0.
In the free field approximation, (4.5) and (4.7) lead to the field equation for the
pi field:
(+M2β1)pi +M
3β2Y +M(α1 − β1)B +M(α2 − β3)Y∗ = 0, (4.18)
which, together with (4.8), may be expressed as
(+M2β)Π +M(α− E(11)βT)B = 0, (4.19)
where E(11) is a matrix defined by
E(11) =
(
1 0
0 0
)
. (4.20)
4.2. BRST symmetry
Our Lagrangian Lcl + LGF+FP is invariant under the BRST transformation,
δBAµ = ∂µc, δBpi =Mc, δBρ = 0,
δBc∗ = iB,
δBB = δBc = 0,
δBY = K,
δBK∗ = iY∗,
δBY∗ = δBK = 0, (4.21)
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which can be also expressed as
δBAµ = ∂µC, δBΠ =MC, δBρ = 0,
δBC∗ = iB,
δBB = δBC = 0. (4.22)
This obviously satisfies the nilpotency, δB
2 = 0. Because of the nilpotency, the
BRST invariance of LGF+FP can be easily seen if we rewrite the Lagrangian as
LGF+FP = −iδB
[
−∂µCT∗ Aµ + CT∗
(
MβΠ +
1
2
αB
)]
. (4.23)
The corresponding BRST current JµB is given by
JµB = B
←→
∂µc+ Y∗
←→
∂µK
= BT←→∂µC. (4.24)
Conservation of this current can be easily seen as
∂µJ
µ
B = BT(
−→
 −←−)C = 0, (4.25)
where we have used the field equations (4.12) and (4.13).
The corresponding BRST charge is thus given by
QB =
∫
d3xBT
←→
∂0C =
∫
d3x[B
←→
∂0 c+ Y∗
←→
∂0K]. (4.26)
By the help of this charge we can define the physical subspace Vphys as a space of
states satisfying
QB|phys〉 = 0. (4.27)
By using this subsidiary condition, we can remove all unphysical modes of this the-
ory.2), 3)
Note that the Proca field Uµ defined by (4.15) is BRST invariant:
δBUµ = 0. (4.28)
4.3. q-number gauge transformation
We define q-number gauge transformations by
Aµ → Aˆµ = Aµ + τ∂µY,
pi → pˆi = pi + τMY,
Y∗ → Yˆ∗ = Y∗ − τB,
B → Bˆ, Y → Yˆ ,
c→ cˆ = c+ τK,
K∗ → Kˆ∗ = K∗ − τc∗,
c∗ → cˆ∗ = c∗, K → Kˆ = K, (4.29)
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where τ is a numerical parameter. We also define the transformation for the physical
Higgs field ρ, which should be invariant:
ρ→ ρˆ = ρ. (4.30)
Note that the Proca filed Uµ is also invariant under the transformation:
Uµ → Uˆµ = Uµ. (4.31)
If we introduce a one-parameter matrix g(τ) by
g(τ) =
(
1 τ
0 1
)
, (4.32)
the q-number gauge transformed fields in (4.29) can be expressed as
Aˆµ = g(τ)Aµ, Πˆ = g(τ)Π, (4.33)
BˆT = BTg(τ)−1, (4.34)
Cˆ = g(τ) C, Cˆ∗T = C∗Tg(τ)−1, (4.35)
where g(τ)−1 = g(−τ) is the inverse matrix of g(τ).
Under the q-number gauge transformation Lcl is invariant while LGF+FP trans-
forms as
LGF+FP =− ∂µBˆTAˆµ + BˆTMβˆ Πˆ + 1
2
BˆTαˆ Bˆ
− i∂µCˆ∗T∂µCˆ + iCˆ∗TM2βˆ Cˆ, (4.36)
with αˆ and βˆ being
αˆ = g(τ)α g(τ)T, (4.37)
βˆ = g(τ)β g(τ)−1. (4.38)
Thus, under the q-number gauge transformation, the total Lagrangian L = Lcl +
LGF+FP is form invariant:
L(φA, αi, βj) = L(φˆA, αˆi, βˆj), (4.39)
where αˆi and βˆj are components of the matrices αˆ and βˆ, that is,
αˆ1 = α1 + 2α2τ + α3τ
2,
αˆ2 = α2 + α3τ,
αˆ3 = α3,
βˆ1 = β1 + β3τ,
βˆ2 = β2 + (β4 − β1)τ − β3τ2
βˆ3 = β3,
βˆ4 = β4 − β3τ. (4.
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We emphasize here that this q-number gauge transformation commutes with the
BRST transformation (4.21). As a result, the BRST charge (4.26) is invariant under
the q-number gauge transformation,
QˆB = QB, (4.41)
and therefore the physical subspace is also invariant:
Vˆphys = Vphys. (4.42)
4.4. free propagators
The quadratic part of our Lagrangian Lcl + LGF+FP can be written as
Lquadratic =− 1
4
FµνF
µν +
M2
2
UµU
µ +
1
2
∂µρ ∂
µρ− m
2
2
ρ2
− 1
M
∂µBT∂µΠ + BTMβΠ − 1
2M2
∂µBTE(11)∂µB +
1
2
BTαB
− i∂µCT∗ ∂µC + iCT∗ M2β C, (4.43)
where Uµ is the Proca field (4.15) and E(11) is the matrix defied by (4.20). This
expression shows that Uµ and ρ decouple from other fields Π, B, C and C∗; Fµν can
be also expressed as Fµν = ∂µUν − ∂νUµ. The propagators among Uµ’s and ρ is thus
given by
〈ρρ〉 = 1
p2 −m2 , (4
.44)
〈UµUν〉 = 1
p2 −M2
(
−gµν + pµpν
M2
)
. (4.45)
Any other propagators which include Uµ or ρ are equal to zero.
Before discussing the propagators for other fields, we first define the quantity,
D(p2;β) = det(−p21+M2β)
= (p2)2 − p2M2t+M4d, (4.46)
where 1 stands for the unit matrix and
t = tr β = β1 + β4, (4.47)
d = det β = β1β4 − β2β3, (4.48)
Then, we get
(−p21+M2β)−1 = 1
D(p2;β)
(−p21+M2β˜), (4.49)
where β˜ is the cofactor matrix of β,
β˜ =
(
β4 −β2
−β3 β1
)
, (4.50)
12 H. Miura and R. Endo
which satisfies
ββ˜ = β˜β = detβ · 1, (4.51)
β + β˜ = tr β · 1. (4.52)
Note that β˜ transforms as
ˆ˜
β ≡ ˜ˆβ = g(τ)β˜g(τ)−1 under the q-number gauge trans-
formation.
The propagators among Π, B, C and C∗ are now given by
〈ΠΠT〉 = 1{D(p2;β)}2 (−p
21+M2β˜)(p2E(11) −M2α)(−p21+M2β˜)T
=
1
D(p2;β)
(p2E(11) −M2α′) +
M4
{D(p2;β)}2 (p
2γ −M2δ), (4.53)
〈Π BT〉 = M
D(p2;β)
(−p21+M2β˜), (4.54)
〈B BT〉 =0, (4.55)
〈C CT∗ 〉 =
−i
D(p2;β)
(−p21+M2β˜), (4.56)
where α′, γ and δ in (4.53) are symmetric matrices defined by
α′ =α+ β˜E(11) +E(11)β˜
T − tE(11) =
(
α′1 α
′
2
α′2 α
′
3
)
, (4.57)
γ =− tα′ − dE(11) + β˜α+ αβ˜T + β˜E(11)β˜T =
(
γ1 γ2
γ2 γ3
)
, (4.58)
δ =− dα′ + β˜αβ˜T =
(
δ1 δ2
δ2 δ3
)
, (4.59)
which lead to

α′1 = α1 − β1 + β4,
α′2 = α2 − β3,
α′3 = α3,
(4.60)


γ1 = −α1(β1 − β4)− 2α2β2 + β12 − d,
γ2 = −α1β3 − α3β2 + β1β3,
γ3 = −2α2β3 + α3(β1 − β4) + β32,
(4.61)


δ1 = α1(−d+ β42)− 2α2β2β4 + α3β22 + (β1 − β4)d,
δ2 = −α1β3β4 + 2α2β2β3 − α3β1β2 + β3d,
δ3 = α1β3
2 − 2α2β1β3 − α3(−d+ β12).
(4.62)
It can be easily confirmed that under the q-number gauge transformation (4.37) and
(4.38) the matrices α′, γ and δ transform as αˆ′ = g(τ)α′g(τ)T, γˆ = g(τ)γg(τ)T and
δˆ = g(τ) δ g(τ)T.
Since Aµ = Uµ + ∂µpi/M + ∂µB/M
2, the propagators for Aµ’s can be evaluated
from the propagators for other fields, such as,
〈AµAν〉 =〈UµUν〉+ pµpν
M2
[
〈pipi〉+ 1
M
(〈piB〉+ 〈Bpi〉)+ 1
M2
〈BB〉
]
, (4.63)
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〈Aµpi〉 =−ipµ
M
[
〈pipi〉+ 1
M
〈Bpi〉
]
. (4.64)
Thus, from (4.45) and (4.53)-(4.55), we get
〈AµAν〉 = 1
p2 −M2
[
−gµν + pµpν
M2
]
+
pµpν
M2
[−p2 + (t− α1)M2
D(p2;β)
+M4
γ1p
2 − δ1M2
D(p2;β)2
]
, (4.65)
〈Aµρ〉 =0, (4.66)
〈Aµpi〉 = ipµM
[
α1 − β1
D(p2;β)
− M
2(γ1p
2 − δ1M2)
D(p2;β)2
]
, (4.67)
〈AµB〉 = ipµ p
2 − β4M2
D(p2;β)
, (4.68)
〈AµY 〉 = ipµ
[
α2
D(p2;β)
− M
2(γ2p
2 − δ2M2)
D(p2;β)2
]
, (4.69)
〈AµY∗〉 = ipµ β2M
2
D(p2;β)
. (4.70)
Note here the propagator (4.65) reads
〈AµAν〉 =− gµν
p2 −M2 − (α1 − 1)
pµpν
D(p2;β)
+M2pµpν
[
1− t+ d
(p2 −M2)D(p2;β) +
γ1p
2 − δ1M2
D(p2;β)2
]
, (4.71)
which shows that 〈AµAν〉 has the usual ultraviolet behavior,
〈AµAν〉 = O
(
1
p2
)
, as pµ →∞ (4.72)
rather than that of the Proca filed, 〈UµUν〉 = O(1).
§5. Rξ-like gauges
Our theory includes Rξ-like gauges. By choosing the gauge-fixing parameters α
and β appropriately, we find that some of the parameters can be considered as a ξ
parameter. That is, some of the parameter has a property similar to that of the ξ
parameters of Rξ gauge
20), 21) mentioned in §2.
5.1. Yao’s gauge
We choose the parameters α and β as
α =
(
η−1 1/2
1/2 0
)
, β = ξ−11 =
(
ξ−1 0
0 ξ−1
)
, (5.1)
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then the gauge-fixing term of the Lagrangian is now
LGF = B
(
∂µA
µ +
1
ξ
Mpi
)
+
1
2η
B2 +
1
2
BY∗ − ∂µY∗∂µY + 1
ξ
M2Y∗Y, (5.2)
up to total derivatives. The first two terms of the right hand side are the same
gauge-fixing term as Yao’s (2.12). Furthermore, we can easily see that Aµ, pi (≈ χ)
and B have the same propagators as Yao’s (2.13).
Under the q-number gauge transformation (4.29), the parameters ξ and η trans-
form as
ξ−1 → ξˆ−1 = ξ−1 (5.3)
η−1 → ηˆ−1 = η−1 + τ. (5.4)
Thus the parameter η can be shifted freely. In particular, by using the q-number
gauge transformation, we can put ξˆ = ηˆ; the theory become equivalent to that
of Fujikawa-Sanda-Lee.20) In contrast to η, the parameter ξ cannot be shifted.
Consequently, we cannot take the limit ξ → 0 by the q-number gauge transformation.
In addition to the BRST charge (4.26), we can define the following BRST-like
conserved charges:
QB(KO) =
∫
c
←→
∂0Bd
3x, (5.5)
QB(Y) =
∫
K
←→
∂0Y∗d
3x, (5.6)
Q′B(KO) =
∫
K
←→
∂0Bd
3x, (5.7)
Q′B(Y) =
∫
c
←→
∂0 Y∗d
3x. (5.8)
All of these satisfy the nilpotency condition. The conservation of these charges are
due to the fact that in the case of β = ξ−11 the fields B, Y∗, c and K satisfy the
same Klein-Gordon equation with the same mass squared M2/ξ.
Instead of the physical condition (4.27), we may consider the condition
QB(KO)|phys〉 = 0,
QB(Y)|phys〉 = 0, (5.9)
to define the physical subspace. The unphysical Goldstone mode is removed by the
first equation while the gaugeon modes are removed by the second. Let V(η)phys denote
the space of states satisfying (5.9). This space is a subspace of Vphys defined by
(4.27): V(η)phys ⊂ Vphys. The definition of the space V(η)phys depends on the parameter
η. In fact, under the q-number gauge transformation, the charges QB(KO) and QB(Y)
transform as
QB(KO) → QˆB(KO) = QB(KO) + τQ′B(Y),
QB(Y) → QˆB(Y) = QB(Y) − τQ′B(KO). (5.10)
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Consequently, the subspace V(η)phys transforms into another subspace V(η+τ)phys .
Let us define a subspace V(η)Yao of the total Fock space V by
V(η)Yao = kerQB(Y) = {|Φ〉 ∈ V;QB(Y)|Φ〉 = 0} ⊂ V, (5.11)
which includes V(η)phys as a subspace. Since the gaugeon modes are excluded from
V(η)Yao, the space V(η)Yao corresponds to the total Fock space of the Yao’s theory. Under
the q-number gauge transformation this subspace transforms as
V(η)Yao → V(η+τ)Yao = ker QˆB(Y) ⊂ V. (5.12)
Thus various Fock spaces of the Yao’s theory (including the theory of Fujikawa,
Sanda and Lee) corresponding to various values of η are embedded in the single
Fock space V of our theory.∗)
5.2. more complicated cases
We choose the parameters α and β as
α =
(
η−1 1/2
1/2 0
)
, β =
(
ξ−1 β2
0 ξ−1
)
, (5.13)
then the determinant D(p2;β) and matrices α′, γ and δ become
D(p2;β) = (p2 − ξ−1M2)2, (5.14)
α′ = α, γ = −β2E(11), δ = −ξ−1β2E(11). (5.15)
Free propagators for Aµ and pi are given by
〈AµAν〉 = 1
p2 −M2
(
−gµν + pµpν
M2
)
+
pµpν
M2
[
− 1
p2 − ξ−1M2 +
(ξ−1 − η−1)M2
(p2 − ξ−1M2)2 −
β2M
4
(p2 − ξ−1M2)3
]
,
〈Aµpi〉 = − ipµ
[
(ξ−1 − η−1)M
(p2 − ξ−1M2)2 −
β2M
3
(p2 − ξ−1M2)3
]
,
〈pipi〉 = 1
p2 − ξ−1M2 +
(ξ−1 − η−1)M2
(p2 − ξ−1M2)2 −
β2M
4
(p2 − ξ−1M2)3 . (5
.16)
As easily seen, if we put β2 = 0, the theory becomes Yao’s gauge.
Under the q-number gauge transformation, the parameter ξ, η and β2 transforms
as
ξ−1 → ξˆ−1 = ξ−1,
η−1 → ηˆ−1 = η−1 + τ,
β2 → βˆ2 = β2. (5.17)
∗) If we put β = 0 (ξ → ∞), the theory becomes the BRST symmetric version of the gaugeon
formalism for the Lorenz gauge of Yokoyama and Kubo (2.5). The same gauge structure of the Fock
spaces as (5.12) still holds for this theory.
16 H. Miura and R. Endo
The ξ parameter again cannot be shifted.
A bit different case is
α =
(
α1 1/2
1/2 0
)
, β =
(
β1 β2
0 β4
)
. (β1 6= β4) (5.18)
In this case, the determinant D(p2;β) becomes
D(p2;β) = (p2 − β1M2)(p2 − β4M2), (5.19)
and it can be seen that β1
−1 has the same property as the ξ parameter. Under the
q-number gauge transformation, parameters α1, β1, β2 and β4 transform as
αˆ1 = α1 + τ,
βˆ1 = β1
βˆ2 = β2 + (β4 − β1)τ,
βˆ4 = β4. (5.20)
Thus, the ξ parameter β1 is again invariant.
It should be commented that if β2 = 0 the propagators among Aµ, pi and B
fields are the same propagators in Yao’s gauge with ξ = β−11 and η = α
−1
1 . In this
case, however, the q-number gauge transformation (5.20) shifts the value of β2 to
non-zero so that the propagators no longer maintain the form of Yao’s gauge.
5.3. ξ-parameter in general case
We have exhibited above some examples of the Rξ-like gauge which are included
in our theory as the special choices of α and β. In any of these examples, the ξ-
parameter has been invariant under the q-number gauge transformation. We show
here that even in more general cases the possible ξ-parameter is always invariant
under the q-number gauge transformation.
First, we define the Rξ gauge of our theory as follows: There exits some gauge-
fixing parameter(s) denoted by ξ such that in the limit of ξ → 0 the propagators
among Aµ’s and pi become the propagators of the unitary gauge, that is,

〈AµAν〉 → 〈UµUν〉,
〈Aµpi〉 → 0,
〈pipi〉 → 0,
(5.21)
where 〈UµUν〉 is the propagator for the Proca field (4.45). Owing to the equations
(4.63) and (4.64), the condition (5.21) can be read as

〈pipi〉 → 0,
〈piB〉 → 0,
〈BB〉 → 0.
(5.22)
We find that from (4.53)-(4.55) this condition is equivalent to
D(p2;β) = det(−p21+M2β)→∞. (5.23)
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The determinant D(p2;β) can be factorized as
D(p2;β) = (p2 − ξ−11 M2)(p2 − ξ−12 M2), (5.24)
where ξ−11 and ξ
−1
2 are two eigenvalues of the matrix β. The condition (5
.23) shows
that the possible ξ-parameter is one or both of the parameters ξ1 and ξ2. Since the
eigenvalues of the matrix β are invariant under the q-number gauge transformation
(4.38), our possible ξ-parameters ξ1 and/or ξ2 cannot be shifted by the q-number
gauge transformation.
§6. Summary and discussion
Starting from the most general gauge-fixing Lagrangian including Y and Y∗
fields, we present a general form of BRST symmetric gaugeon formalism for the
Higgs model. Our theory has seven gauge-fixing parameters αi (i = 1, 2, 3) and βj
(j = 1, 2, 3, 4), some of which can be shifted by the q-number gauge transformation.
The q-number gauge transformation commutes with the BRST transformation. As
a result, the BRST charge is invariant, QˆB = QB and thus the physical subspace
Vphys = kerQB is also gauge invariant.
As a special choice of the gauge-fixing parameters (α1 = εa
2, α2 = εa, α3 =
ε;βj = 0), our theory includes the BRST symmetric version of the gaugeon formalism
for Lorenz gauge by Yokoyama and Kubo (2.5).
Other choices of the parameters α and β lead us to the theories of Rξ-like gauges.
Especially, by choosing (5.1), we get the gaugeon formalism for the Yao’s Rξ gauge
(2.12), where one of the two gauge-fixing parameters, η, can be shifted by the q-
number gauge transformation. In particular, the q-number gauge transformation
can shift the η to be equal to ξ, where the theory becomes equivalent to the Rξ
gauge of Fujikawa, Lee and Sanda (2.10). In any case of these Rξ-like gauges, the
ξ-parameter is shown to be invariant under the q-number gauge transformation.
The invariance of the ξ-parameter under the q-number gauge transformation
might be understood by the following arguments. The propagator 〈AµAν〉 in the Rξ
gauge of Fujikawa, Lee and Sanda is given by
〈AµAν〉 = 1
p2 −M2
(
−gµν + pµpν
M2
)
− pµpν
M2 (p2 − ξ−1M2) . (6
.1)
Now assume that there might exist a q-number gauge transformation Aˆµ = Aµ +
τ∂µΛ, under which the ξ-parameter would transform into ξˆ = ξ +∆ξ (6= ξ). Then,
〈AˆµAˆν〉 − 〈AµAν〉 = τ (〈Aµ∂νΛ〉+ 〈∂µΛAν〉) + τ2〈∂µΛ∂νΛ〉
= −pµpν
M2
[
1
p2 − (ξ +∆ξ)−1M2 −
1
p2 − ξ−1M2
]
= −pµpν
M2
1
p2 − ξ−1M2
[(
1− ∆M
2
p2 − ξ−1M2
)−1
− 1
]
= −pµpν
M2
[
∆M2
(p2 − ξ−1M2)2 +
∆M4
(p2 − ξ−1M2)3 + · · ·
]
, (6.2)
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where ∆M2 = (ξ +∆ξ)−1M2 − ξ−1M2. This shows that the field Λ should include
dipole modes, tripole modes, quadrapole modes, . . . , and any other higher-pole
modes. The Y field of our theory, however, does not satisfies this condition: Y
includes at most quadrapole modes (see, for example, (4.53)). Thus we may infer
that the gaugeon formalism with ξ-parameter which might be shifted by the q-
number gauge transformation, if exists, would require infinite series of multi-pole
fields (n-pole fields with n = 2, 3, 4, · · · ).
We have seen in the section 5-1 that the Fock space of Yao’s Rξ gauge is embed-
ded in the total Fock space of our theory (if we choose α3 = 0, β = ξ
−11). In the
arguments, the four BRST-like charges (5.5)-(5.8) (or equivalently, QB(KO), QB(Y),
QˆB(KO) and QˆB(Y)) play an essential role. Similar arguments on the gauge structure
of the Fock spaces are applicable to the theory in Lorenz gauge of Yokoyama and
Kubo (β = 0), since the four BRST-like charges (5.5)-(5.8) also exist in this gauge.
Here we shall consider the number of the conserved BRST-like charges in general
case, and in what case the number becomes four. A BRST-like current may be
expressed as
JµR = BTR
←→
∂ µC, (6.3)
where R is a real and constant 2× 2 matrix. By using the field equations (4.12) and
(4.13) we can evaluate the divergence of the current:
∂µJ
µ
R = BT(−
←−
)RC + BTRC
= BTM2(βR −Rβ)C. (6.4)
Thus, the current JµR is conserved if and only if
[R, β] = 0. (6.5)
The number of the independent matrices R satisfying (6.5) is just the number of
the conserved BRST-like charges. If β is not proportional to the unit matrix, two
types of the matrix R = const.×1 and R = const.×β commute with β, thus in this
case the number of the conserved BRST-like charges is two. On the other hand, if
β = const. × 1, an arbitrary matrix R commutes with the β, thus there exist four
independent conserved BRST-like charges in this case. This is nothing but the case
of Yao’s gauge (β = ξ−11) and the Lorenz gauge of Yokoyama and Kubo (β = 0);
no other case ensures the existence of four conserved currents.
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